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1. (a) Consider the function de�ned by

f(x) = e−ix
(
cos(x) + i sin(x)

)
for x ∈ R. Compute the derivative of f (the function x → eλx satis�es the same di�eren-
tiation properties when λ ∈ C as in the case λ ∈ R). Show that f is constant and equal
to 1 and, thus, verify Euler's formula.

(b) Show that, for any α, β ∈ R:

cos(α + β) = cosα cos β − sinα sin β,

sin(α + β) = cosα sin β + sinα cos β.

(Hint: you might want to use Euler's formula for ei(α+β).)

2. Calculate the real and imaginary parts of the following expressions:

(a) (1 + 2i)(2− 3i)

(b) 1−3i
1+i

(c) (1 + i)3 + (1− i)3

(d) 1
1+i

+ 2
1−i

(e)
(

1
i

)2025

(f) e−1025πi

(g) 2i19−10i12

1+i

(h)
(
1 +

√
3i
)10

3. Calculate the modulus and an argument of the following expressions:

(a) 5 + 5i

(b) (−1 +
√
3i)10

(c) 1+
√
3i

1−i

(d) 3i

4. Determine all the complex solutions of the following equations:

(a) z5 = 1

(b) z4 = 4 + 4i

(c) z2 − z + 2 = 0

(d) z4 − 2z2 + i = 0

(e) 1
z−i

+ 1
z2−1

= 0

(f) |z − 1| = |z + 1|

5. Show that, for any x ∈ R, the complex number

z =
x+ i

x− i

lies on the unit circle. Show also that every point on the unit circle except for z = 1 can be
expressed in the above form.
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6. Characterize geometrically the following subsets of C:

(a)
{
z ∈ C : |z − 1| = 1

}
(b)

{
z ∈ C : |z−1|

|z−i| = 1
}

(c)
{
z ∈ C : |z − 1|+ |z + 1| = 3

}
(d)

{
z ∈ C : z = 1 + 2t+ 4t2i for t ∈ R

}

7. Show the following equality between sets:{
z ∈ C

∗ : z +
1

z
∈ R

}
=

{
z ∈ C

∗ : Im(z) = 0 or |z| = 1
}
.
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